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UNIVERSAL FACTORIAL SCHUR P,Q-FUNCTIONS
AND THEIR DUALS
MASAKI NAKAGAWA AND HIROSHI NARUSE
Abstract. We define universal factorial Schur P,Q-functions and their duals, which
specialize to generalized (co)-homology “Schubert basis” for loop spaces of the classical
groups. We also investigate some of their properties.
0. Introduction
By the work of Pragacz [Pra91], Schur P,Q-functions are known as Schubert basis
of the cohomology rings of maximal orthogonal or Lagrangian grassmannians. There
are also factorial versions and they can be interpreted as torus equivariant cohomology
Schubert basis. Recently these are extended to equivariant K-theory case [Ike-Nar]. On
the way of studying known results [Cla81, Bak86] on K-homology of loop spaces of the
classical groups Sp = Sp(∞) and SO = SO(∞), the first author noticed that the K-
homology of these spaces can be realized as subspaces of the ring of symmetric functions
[Nak]. Combining these together with the Cauchy type kernel, we recognized that these
realization can be extended to generalized (co)-homology setting.
1. Lazard ring L and formal group law
In [Laz55] Lazard considered a universal commutative formal group law of rank one
now called the Lazard ring. Let L = L∗ be the Lazard ring and FL(u, v) be the universal
formal group law (For a construction and basic properties of L, see e.g. [Lev-Mor07]):
FL(u, v) =
∑
i,j
ai,ju
ivj ∈ L[[u, v]].
This is a formal power series in u, v with coefficients ai,j of formal variables which
satisfies the axiom of formal group law. We will write a +
F
b = FL(a, b) and a = χL(a),
the inverse of a, i.e. which satisfies a +
F
a = 0. It is known that a ∈ L[[a]] is a formal
power series in a with initial term −a and first few terms appear in P.41 of [Lev-Mor07].
The grading of L∗ is as follows. The homological degree is defined by degh(ai,j) =
i + j − 1. It is known that L∗ is isomorphic to the polynomial ring in countably infinite
number of variables with integer coefficients. There is a symmetric function realization of
this ring by Lenart [Len98].
2. Cohomological basis
We provide the variables x = (x1, x2, . . .) and b = (b1, b2, . . .) with degree deg(xi) =
deg(bi) = 1.
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2.1. Definition of P Lλ , Q
L
λ. For an integer k ≥ 1, we set [t|b]
k =
k∏
i=1
(t +
F
bi) and
[[t|b]]k+1 = (t +
F
t)[t|b]k. We also set [t|b]0 = [[t|b]]0 = 1. For a partition λ =
(λ1, . . . , λr), we set
[x|b]λ :=
r∏
i=1
[xi|b]
λi and [[x|b]]λ :=
r∏
i=1
[[xi|b]]
λi.
Let λ = (λ1, . . . , λr) be a strict partition of length r, i.e. a sequence of positive integers
such that λ1 > · · · > λr > 0. We denote by SP the set of all strict partitions, and SPn
the subset of SP consisting of strict partitions of length r ≤ n. The following definition
with coefficients in L[[b]] was suggested by Anatol Kirillov, and we thank him for this.
Definition 2.1. (Universal factorial Schur P,Q-functions) (cf.[Ike-Nar] Def. 2.1)
For a strict partition λ = (λ1, . . . , λr) (r ≤ n), we define
P Lλ (x1, . . . , xn| b) :=
1
(n− r)!
∑
w∈Sn
w
[
[x | b]λ
r∏
i=1
n∏
j=i+1
xi +F xj
xi +F xj
]
,
QLλ(x1, . . . , xn| b) :=
1
(n− r)!
∑
w∈Sn
w
[
[[x | b]]λ
r∏
i=1
n∏
j=i+1
xi +F xj
xi +F xj
]
.
These are symmetric functions in the variables (x1, . . . , xn) and formal series in b1, b2, . . . , bλ1
by definition. We call these formal series the universal factorial Schur P,Q- functions.
Note that
t +
F
s = (t− s)(1 + higher degree terms in t and s with coefficients in L).
This means that P Lλ (x1, . . . , xn|b) andQ
L
λ(x1, . . . , xn|b) are well defined in L[[b]][[x1, . . . , xn]].
We also set
P Lλ (x1, . . . , xn) := P
L
λ (x1, . . . , xn| 0) , Q
L
λ(x1, . . . , xn) := Q
L
λ(x1, . . . , xn| 0).
2.2. L-supersymmetric series. L-supersymmetric formal series is defined as follows.
Definition 2.2. (L-supersymmetric series)
A formal power series f(x1, . . . , xn) with coefficients in L is called L-supersymmetric if
(1) f(x1, . . . , xn) is symmetric in variables x1, . . . , xn , and
(2) f(t, t, x3, . . . , xn) does not depend on t.
We denote by ΓL(xn) the space of L-supersymmetric formal series in x1, . . . , xn with
coefficients in L. We also define ΓL+(xn) to be the subspace of Γ
L(xn) consisting of
f(x1, . . . , xn) ∈ Γ
L(xn) such that f(t, x2, . . . , xn)− f(0, x2, . . . , xn) is divisible by t +F t.
Proposition 2.1. P Lλ (x1, . . . , xn) ∈ Γ
L(xn) and Q
L
λ(x1, . . . , xn) ∈ Γ
L
+(xn).
Proof. Similar to the proof of Prop 3.1 and Prop. 3.2 in [Ike-Nar].

For a positive integer n we set ρn = (n, n− 1, . . . , 1). Let Pn be the set of all partitions
of length ≤ n.
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For a partition λ = (λ1, . . . , λn) ∈ Pn, we define
sLλ(x1, . . . , xn|b) :=
∑
w∈Sn
w
[
[x | b]λ+ρn−1∏
1≤i<j≤n(xi +F xj)
]
and sLλ(x1, . . . , xn) := s
L
λ(x1, . . . , xn|0).
Note that sLλ(x1, . . . , xn) = sλ(x1, . . . , xn)+ higher terms and s
L
∅ (x1, . . . , xn) 6= 1.
Proposition 2.2. (Factorization) (cf.[Ike-Nar] Prop. 2.3.)
(1) For a positive integer n we have
P Lρn−1(x1, . . . , xn) =
( ∏
1≤i<j≤n
(xi +F xj)
)
sL∅ (x1, . . . , xn),
QLρn(x1, . . . , xn) =
( ∏
1≤i≤j≤n
(xi +F xj)
)
sL∅ (x1, . . . , xn).
(2) For a partition λ = (λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0),
P Lρn−1+λ(x1, . . . , xn| b) =
( ∏
1≤i<j≤n
(xi +F xj)
)
sLλ(x1, . . . , xn| b),
QLρn+λ(x1, . . . , xn| b) =
( ∏
1≤i≤j≤n
(xi +F xj)
)
sLλ(x1, . . . , xn| b).
Proof. These equations follow from the definition.

Theorem 2.1. (Basis theorem)
(1) The polynomials P Lλ (x1, . . . , xn) (λ ∈ SPn) form a formal L-basis of Γ
L(xn).
(2) The polynomials QLλ(x1, . . . , xn) (λ ∈ SPn) form a formal L-basis of Γ
L
+(xn).
Proof. We can follow the same strategy as in Theorem 3.1 of [Ike-Nar]. 
2.3. Vanishing property. For a strict partition µ = (µ1, . . . , µr) of length r, we set
bµ = (bµ1 , . . . , bµr , 0, 0, . . .). We also set
sh(µ) = (µ1 + 1, . . . , µr + 1) if r is even and sh(µ) = (µ1 + 1, . . . , µr + 1, 1) if r is odd
(We consider only even variable case for P Lλ (x1, . . . , x2n| b) because of stability. [Ike-Nar]
Remark 3.1) .
Proposition 2.3. (Vanishing)
(1) P Lλ (bsh(µ)| b) = 0 if µ 6⊃ λ and
P Lλ (bsh(λ)| b) =
r∏
i=1
 ∏
1≤j≤λi,j 6=λp+1, for i<p≤r
(bλi+1 +F bj)
r∏
j=i+1
(
bλi+1 +F bλj+1
).
(2) QLλ(bµ| b) = 0 if µ 6⊃ λ and
QLλ(bλ| b) =
r∏
i=1
 ∏
1≤j≤λi−1,j 6=λp, for i<p≤r
(
bλi +F bj
) r∏
j=i
(
bλi +F bλj
).
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Proof. We will only prove (1). The proof of (2) is similar. We may assume that the length
of λ is less than or equal to n. If µ 6⊃ λ then there is an index k ≤ r such that µk < λk. It
is easy to see that [t|b]λk becomes zero when t = bµk+1. This means that P
L
λ (bsh(µ)|b) = 0.
For the case of µ = λ, we can see that the terms in P Lλ (x1, . . . , xr|b) other than w = e
become zero when we evaluate them at (x1, . . . , xr) = bsh(λ). The term corresponding to
w = e becomes the desired value (cf. [Ike-Nar] Prop.7.1).

3. Homological basis p̂Lλ(y| b), q̂
L
λ(y| b).
We use countably infinite variables y = (y1, y2, . . .). The homological degree is degh(yi) =
1 for i = 1, 2, . . .. Let Λ(y) be the ring of symmetric functions in y with coefficients in Z.
3.1. One row case.
Definition 3.1.
∆(t;y) :=
∞∏
j=1
1− tyj
1− tyj
.
As {[t|b]k}k=0,1,2,... is a formal L[[b]]⊗ˆΛ(y)-basis of the ring L[[b]][[t]]⊗ˆΛ(y) (see Lemma
below), we can expand
∆(t;y) =
∞∑
k=0
[t|b]k q̂Lk (y| b)
to get q̂Lk (y|b) ∈ L[[b]]⊗ˆΛ(y). q̂
L
k (y|b) is a formal power series with coefficients in L[[b]]
except q̂L0 (y| b) = 1.
Lemma 3.1. If f(x) is in L[[x]] (or its extension) and becomes zero when x = t then
f(x) is divisible by x +
F
t.
Proof. By the assumption f(x) is divisible by x− t. Since x− t is equal to (x +
F
t)(1 +
higher terms), the result follows.

Using the lemma above we can show that ∆(t;y)− 1 is divisible by t +
F
t. Continuing
this kind of argument we can define p̂Lk (y|b) by the following identity.
∆(t;y) =
∞∑
k=0
[[t|b]]k p̂Lk(y| b).
Define
ΓL := the L[[b]]-subalgebra of L[[b]]⊗ˆΛ(y) generated by p̂
L
k(y| b), k = 0, 1, 2, . . . ,
Γ+
L
:= the L[[b]]-subalgebra of L[[b]]⊗ˆΛ(y) generated by q̂Lk (y| b), k = 0, 1, 2, . . . .
For a partition λ = (λ1, . . . , λr) of length r ≤ n, we define
p̂[λ](y| b) :=
r∏
i=1
p̂Lλi(y| b) and q̂
[λ](y| b) :=
r∏
i=1
q̂Lλi(y| b).
We define the subspaces of ΓL and Γ
+
L
by using the set Pn of partitions of length ≤ n
as follows.
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Γ
(n)
L
(y) :=
∑
λ∈Pn
L[[b]] p̂[λ](y| b) ⊂ ΓL, and
Γ
(n),+
L
(y) :=
∑
λ∈Pn
L[[b]] q̂[λ](y| b) ⊂ Γ+
L
.
3.2. Kernel. We consider the iterated product of ∆(xi;y)’s, and their limit.
∆(x1, . . . , xn;y) :=
n∏
i=1
∆(xi;y), ∆(x;y) := lim←−
n
∆(x1, . . . , xn;y).
Proposition 3.1. (L-supersymmetricity)
(1) ∆(x1, . . . , xn;y) is L-supersymmetric in variables (x1, . . . , xn).
(2) ∆(x1, . . . , xn;y) ∈ Γ
L
+(xn) ⊗L[[b]] Γ
(n)
L
(y) and ∆(x1, . . . , xn;y) ∈ Γ
L(xn) ⊗L[[b]]
Γ
(n),+
L
(y).
Proof)
(1) follows from the definition.
(2) ∆(x1, . . . , xn;y) has the property that ∆(t, x2, . . . , xn;y) − ∆(0, x2, . . . , xn;y) is
divisible by t +
F
t (see Lemma 3.1).
We can define stable limit functions
QLλ(x | b) := lim←−
n
QLλ(x1, . . . , xn| b) and P
L
λ (x | b) := lim←−
n
P Lλ (x1, . . . , x2n | b), (even limit).
We also define
ΓL := lim
←−
n
ΓL(xn)⊗L L[[b]] and Γ
L
+ := lim←−
n
ΓL+(xn)⊗L L[[b]].
Definition 3.2. (dual universal factorial Schur P,Q-functions)
We define p̂Lλ(y| b) and q̂
L
λ(y| b) by the following identities. (Here SP is the set of all
strict partitions.)
(1)
∆(x;y) =
∏
i,j≥1
1− xiyj
1− xiyj
=
∑
λ∈SP
QLλ(x | b) p̂
L
λ(y| b) (Cauchy identity),
(2)
∆(x;y) =
∏
i,j≥1
1− xiyj
1− xiyj
=
∑
λ∈SP
P Lλ (x| b) q̂
L
λ(y| b) (Cauchy identity).
N.B. We can also define (type A) universal factorial Schur function sLλ(x||b) and its
dual ŝLλ(y||b) (see Appendix).
p̂Lλ(y|b) and q̂
L
λ(y|b) are formal series. But p̂
L
λ(y) = p̂
L
λ(y|0) and q̂
L
λ (y) = q̂
L
λ(y|0) are
symmetric functions of finite degree and top terms are usual Schur P,Q-functions Pλ(y)
and Qλ(y).
For example
p̂L1 (y) = P1(y), p̂
L
2 (y) = P2(y) + a1,1h1(y),
p̂L3 (y) = P3(y) + a1,1h2(y)− 2a1,1h
2
1(y) + (a
2
1,1 − a1,2)h1(y).
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q̂L1 (y) = Q1(y), q̂
L
2 (y) = Q2(y)− a1,1h1(y),
q̂L3 (y) = Q3(y) + 2a1,1h2(y)− 3a1,1h1(y)
2 + a21,1h1(y).
Theorem 3.1. (Basis theorem)
(0) For a strict partition λ of length r, p̂Lλ(y|b) ∈ Γ
(r)
L
(y) and q̂Lλ(y|b) ∈ Γ
(r),+
L
(y).
(1)
{
p̂Lλ(y|b)
}
λ∈SP
are linearly independent and form an L[[b]]-basis of ΓL.
(2)
{
q̂Lλ(y|b)
}
λ∈SP
are linearly independent and form an L[[b]]-basis of Γ+
L
.
Proof. (0) is a consequence of Prop. 3.1 (2). (1) and (2) can be proved by the induction
argument with regard to the variables b.

3.3. Hopf algebra structure. The ring of symmetric functions Λ(y) has a structure
of Hopf algebra. We can consider Hopf algebra structure on ΓL by scalar extension and
restriction. Then we can consider ΓL+ (resp. Γ
L)as a dual Hopf algebra of ΓL (resp. Γ
+
L
)
over L[[b]]. We will write φ for the coproduct maps.
Proposition 3.2. (duality)
(1) If QLλ(x|b)Q
L
µ(x|b) =
∑
ν∈SP
cνλ,µ(b) Q
L
ν (x|b), then
φ(p̂Lν (y|b)) =
∑
λ,µ∈SP
cνλ,µ(b) p̂
L
λ(y|b)⊗ p̂
L
µ(y|b).
(2) If p̂Lλ(y|b)p̂
L
µ(y|b) =
∑
ν∈SP
ĉνλ,µ(b) p̂
L
ν (y|b), then
φ(QLν (x|b)) =
∑
λ,µ∈SP
ĉνλ,µ(b) Q
L
λ(x|b)⊗Q
L
µ(x|b).
(3) If P Lλ (x|b)P
L
µ (x|b) =
∑
ν∈SP
dνλ,µ(b) P
L
ν (x|b), then
φ(q̂Lν (y|b)) =
∑
λ,µ∈SP
dνλ,µ(b) q̂
L
λ (y|b)⊗ q̂
L
µ(y|b).
(4) If q̂Lλ(y|b)q̂
L
µ(y|b) =
∑
ν∈SP
d̂νλ,µ(b) q̂
L
ν (y|b), then
φ(P Lν (x|b)) =
∑
λ,µ∈SP
d̂νλ,µ(b) P
L
λ (x|b)⊗ P
L
µ (x|b).
Proof. These are formal consequences of the Cauchy identity (cf.[Mol09]). 
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4. Geometric background
We will briefly explain the geometric meaning of the polynomials we defined. The
details will be explained in [Nak-Nar].
In [HHH05] the equivariant (generalized) cohomology ring (cf.[May96],[Ada74]) of a
T -space X is characterized as a GKM-space. The vanishing property (Prop. 2.3) means
that P Lλ (x| b) has the property of free topological module generator xv ([HHH05] Prop.
4.1).
For the case ofK-theory, the functions P Lλ (x|b) andQ
L
λ(x|b) specialize toGPλ(x|b) and
GQλ(x|b), K-theory factorial P - and Q- functions ([Ike-Nar] Def. 2.1). These are shown
to be the Schubert basis for the torus equivariant K-theory of Lagrangian or orthogonal
Grassmannians in [Ike-Nar]. We will discuss K-theory homology Schubert basis in section
5.
5. K-theory case
For the notations of root systems and Weyl groups of type B,C,D, we use the con-
vention of [Ike-Nar]. Formal group law for K-theory is F (u, v) = u + v + βuv (β is
an invertible element). Using divided difference operators acting on the coefficient ring
Z[b,b] and the space of K-supersymmetric functions in x-variables, we can recursively
compute the dual factorial P,Q-functions p̂Kλ (y|b) and q̂
K
λ (y|b) for K-theory. We will
mainly explain this for the case of type C. The root system has infinite simple roots
{αi}i=0,1,2,,... and corresponding simple reflections {si}i=0,1,2,,..., which generate the Weyl
group W (C∞). The Coxeter relations are (s0s1)
4 = (sisi+1)
3 = (sjsk)
2 = 1 for 1 ≤ i and
0 ≤ j < k − 1. The elements e(αi) ∈ Z[β][b,b] corresponding to each simple roots are
defined as follows.
e(αi) = bi+1 +F b¯i (i ≥ 1) and e(α0) = b1 +F b1.
Let ψi(f) :=
si(f)−f
e(αi)
. (This divided difference operator was used in [Kir-Nar] to study
Grothendieck polynomial and its dual.) Actually ψi = pii + β , where pii is the divided
difference operator defined in [Ike-Nar]. We assume the following property of K-theoretic
factorial Schur Q-function QKλ (x|b) = GQλ(x|b). (see [Ike-Nar] Theorem 6.1).
ψi(Q
K
λ (x|b)) = 0 if siλ ≥ λ and ψi(Q
K
λ (x|b)) = Q
K
siλ
(x|b) + βQKλ (x|b) if siλ < λ.
Here Weyl group W (C∞) naturally acts on the set of strict partitions SP (Actually SP
can be considered as the set of minimal coset representatives W (C∞)/W (A∞), where
W (A∞) is the subgroup genereted by si(i ≥ 1)). We write this action by siλ for λ ∈ SP .
We also define ψ̂i := −siψi, because this will be suitable for homology as we see below:
Proposition 5.1. We put ∆ = ∆(x;y). We have the following formulas:
ψ̂i
(
p̂Kλ (y|b)
∆
)
=

β
p̂K
λ
(y|b)
∆
siλ < λ,
0 siλ = λ,
p̂K
siλ
(y|b)
∆
siλ > λ.
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Proof. By definition ∆ =
∏
i,j≥1
1− x¯iyj
1− xiyj
and ∆ =
∑
λ∈SP
QKλ (x|b)p̂
K
λ (y|b) . Therefore we
have
1 =
∑
λ∈SP
QKλ (x|b)
p̂Kλ (y|b)
∆
.
By the Leibniz rule ψi(fg) = ψi(f)si(g) + fψi(g) and ψi(h) = 0 if si(h) = h, we have
0 =
∑
λ
ψi(Q
K
λ (x|b))si
(
p̂Kλ (y|b)
∆
)
+
∑
λ
QKλ (x|b)ψi
(
p̂Kλ (y|b)
∆
)
.
Comparing the coefficients of QKλ (x|b), we get
0 = si
(
p̂K
λ
(y|b)
∆
)
β + ψi(
p̂K
λ
(y|b)
∆
) if siλ < λ,
0 = ψi(
p̂K
λ
(y|b)
∆
) if siλ = λ,
0 = si
(
p̂K
siλ
(y|b)
∆
)
+ ψi(
p̂K
λ
(y|b)
∆
) if siλ > λ.

Iterating use of this proposition give the formula ψ̂wC(λ)(
1
∆
) = p̂Kλ (y|b)(
1
∆
), where wC(λ)
is the Weyl group element corresponding to λ and ψ̂wC(λ) is the product of operators
corresponding to a reduced expression of wC(λ). Likewise we can use type D∞-Weyl
group and get ψ̂wD(λ)(
1
∆
) = q̂Kλ (y|b)(
1
∆
). For type A case, ŝKλ (y||b) can also be written
by ∆A =
∏
i,j
1− b¯iyj
1− xiyj
, i.e. ψ̂wA(λ)(
1
∆A
) = ŝKλ (y||b)(
1
∆A
).
Remark 1: We can define divided difference operator for the case of generalized coho-
mology. ([Bre-Eve90, Bre-Eve92])
ψ̂i(f) :=
si(f)− f
e(−αi)
.
We can use this to calculate one row dual universal functions p̂Lk(y|b) and q̂
L
k (y|b) as the
same rule.
Remark 2: For the case of usual homology, the dual factorial Schur P,Q-functions are
studied in [Nar].
5.1. Conjectural combinatorial formula for p̂Kλ (y) and q̂
K
λ (y).
Definition 5.1. (Tableaux)
For a strict partition λ = (λ1 > . . . > λr > 0), we define Tab(λ) as the set of tableaux
of shape λ in alphabet 1′ < 1 < 2′ < 2 < · · · with condition that each rows and columns
are weakly increasing. Let Tab′(λ) be the subset of Tab(λ) with the property that for each
row the leftmost box contains a primed number.
Motivated by the construction of the dual stable Grothendieck polynomials gλ(y) (λ ∈
P) due to Lam-Pylyavskyy [Lam-Pyl07], we define gpλ(y), gqλ(y) as follows.
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Definition 5.2. For a strict partition λ ∈ SP , we define
gpλ(y) :=
∑
T∈Tab′(λ)
yT , gqλ(y) :=
∑
T∈Tab(λ)
yT .
Here we define yT =
∏
i∈T
y
TC(i)
i
∏
i′∈T
y
TR(i
′)
i , where TC(i) is the number of columns con-
taining i in T and TR(i
′) is the number of rows containing i′ in T .
Conjecture 5.1. gpλ(y) = p̂
K
λ (y)|β=−1 and gqλ(y) = q̂
K
λ (y)|β=−1.
The conjecture above is shown to be true for one row case.
Proposition 5.2.
gpk(y) = p̂
K
k (y)|β=−1, and gqk(y) = q̂
K
k (y)|β=−1 for k=1,2,3,. . . ..
There is a formula which relates gpk(y) to the stable dual Grothendieck polynomials
gλ(y).
Proposition 5.3. (hook sum formula)
gpk(y) =
k∑
a=1
ga1k−a(y).
Proof. We can easily make a bijection between tableaux of their tableaux formulas.
[Lam-Pyl07] 
Conjecture 5.2. (for staircase)
gpρk(y) = gρk(y) for ρk = (k, k − 1, . . . , 2, 1).
Remark:
For a geometric reason, gpλ(y) and gqλ(y) should be (signed) positive linear combina-
tions of dual Grothendieck polynomials gµ(y) (hence Schur polynomials sµ(y)).
6. Appendix
Here we use doubly infinite sequence b± = (. . . , b−2, b−1, b0, b1, b2, . . .). Using Lazard
ring L it is possible to extend Molev’s dual Schur functions ŝλ(x||a) [Mol09] to universal
setting as follows. (A geometric meaning of Molev’s dual Schur function is explained in
[Lam-Shi].) For a partition λ = (λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0) ∈ Pn, we define
sLλ(x1, . . . , xn||b±) :=
∑
w∈Sn
w
(x1|| b±)λ1+n−1n (x2|| b±)λ2+n−2n · · · (xn|| b±)λnn∏
1≤i<j≤n
(xi +F xj)
 ,
where (t || b±)
k
n :=
k∏
i=1
(t +
F
bn+1−i).
For a partition µ, we define a sequence as bI−µ := (b1−µ1 , b2−µ2 , . . .).
Proposition 6.1. (vanishing)
(1) If µ 6⊃ λ then sLλ(bI−µ|| b±) = 0.
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(2)
sLλ(bI−λ|| b±) =
∏
(i,j)∈λ
(bi−λi +F bλ′j−j+1).
Then we define ŝLλ(y||b±) as
n∏
i=1
∞∏
j=1
1− biyj
1− xiyj
=
∑
λ∈Pn
sLλ(x1, . . . , xn|| b±) ŝ
L
λ(y|| b±).
We can also take limit n→∞ to get sLλ(x|| b±). (specialization map is the evaluation
xn = bn).
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